We construct a Dirac-Born-Infeld (DBI) action coupled to a two-form field in four dimensional N = 1 supergravity. Our superconformal formulation of the action shows a universal way to construct it in various Poincaré supergravity formulations. We generalize the DBI action to that coupled to matter sector. We also discuss duality transformations of the DBI action, which are useful for phenomenological and cosmological applications. *
Introduction
The Dirac-Born-Infeld (DBI) type actions [1, 2] , which are nonlinear generalizations of Maxwell theory, naturally appear as the low-energy effective description of D-branes in superstring theory. In particular, if supersymmetry (SUSY) is preserved at low energy scale, D-branes should also be described in a SUSY way. Such attempts have been studied so far (see ,e.g., [3, 4, 5, 6, 7] ). Also, D-brane actions coupled to supergravity (SUGRA) background are discussed in Refs. [8, 9] . These constructions clarify the direct relation between superstring and its effective field theory.
As a bottom-up approach to superstring theory, 4D N = 1 SUSY/SUGRA model buildings are quite useful, which directly relate the models to collider experiments and cosmological observations. In particular, the current progress of cosmological observation gives constraints on inflation models in the early universe. From this perspective, coupling to not the SUGRA background but the dynamical SUGRA multiplet is important for model buildings.
In this work, we develop further the DBI type actions in 4D N = 1 SUGRA, which have been discussed in Refs. [10, 11, 12, 13, 14, 15] . The effective action of a single D3-brane would take the following form, ∼ d 4 x −det(g µν + ∂ µ φ i ∂ ν φ * i + F µν + B µν ), (1.1)
DBI action in global SUSY
Here, we briefly review the DBI action with and without couplings to a two-form superfield containing the B-field in global SUSY, which we will embed into conformal SUGRA formulation in Sec. 3. Since the superfield formulation is rather simpler than the Poincaré SUGRA case discussed later, it would be useful to understand the construction in global SUSY case.
DBI action without B-field
On the basis of Refs. [19, 20] , we first review the construction of SUSY DBI action including the field strength of a U(1) vector potential A a ,
where
To embed this Lagrangian into superfield formalism 1 , we need a real superfield V and its field strength superfield W α ≡ − where a and b are real parameters. Note that this condition observed in Refs. [19, 20] is a consequence of partially broken N = 2 SUSY. Although the view of the partial SUSY breaking gives physically interesting understanding, we just use this constraint as a tool to realize the DBI action. The constraint can be solved with respect to X as a nonlinear function of W 2 ,
This is a consequence of the nilpotency of the third term W 2 in Eq.(2.3). Also, the solution X(W,W ) is proportional to W 2 , which leads to X 2 = 0. This shows the underlying VolkovAkulov nonlinear SUSY [55, 56, 57, 58] .
Using the solution (2.4), one can obtain the DBI action from the linear term of X(W,W ),
After integrating out the auxiliary field D, the bosonic part of Eq. (2.6) gives
Here, we have used the following formula , we obtain 9) which is exactly the DBI form (2.1).
To extend the action to ,e.g., matter coupled system, it is rather useful to impose the constraint (2.3) by a Lagrange multiplier chiral superfield Λ as [20] ,
Here we have also introduced the last term with a multiplier M, whose variation gives X 2 = 0 trivially satisfied by a solution (2.3). Due to X 2 = 0, the lowest component of X becomes a fermion bilinear which simplifies our computations, as long as we extract bosonic parts. This additional constraint neither conflicts with Eq. (2.3) nor imposes overconstraint on this system.
DBI action with B-field
Now, let us move to the case where a two-form field B ab is coupled to a U(1) vector. Such a two-form is naturally described by a real linear superfield L which satisfies
Its component expression is 12) where C is a real scalar, η is a Weyl fermion, and a real vector B a satisfies ∂ a B a = 0, that is, it can be written using a two-form field B ab as B a = 1 2
The definition (2.11) implies the existence of the chiral spinor prepotential Φ α [59] , 13) with component expansion,
where ξ is a Weyl fermion and E is a real scalar. Note that, due to the identity 
to the vector superfield V . The DBI Lagrangian coupled with the two-form can be written as a natural generalization of Eq. (2.10),
where L kin,L is responsible for the kinetic term of L, though we do not specify it here. Finally, let us comment on the relation to the partial N = 2 SUSY breaking. This action can also be realized within partially broken N = 2 SUSY, where a Goldstino N = 2 vector superfield couples to a N = 2 tensor multiplet [29] . Then, applying dual transformation to supersymmetric B ∧ F coupling [30] , we obtain the same action. Interestingly, the Goldstino superfield W α can be eaten by the two-form superfield by super gauge transformation (2.15) . This means the super-Higgs mechanism works without a gravitino in N = 2 SUGRA [29] .
3 Extension to 4D N = 1 conformal SUGRA In this section, we discuss the SUGRA generalization of Eq. (2.18) in conformal SUGRA, which is briefly reviewed in Sec. 3.1. Using this technique, we embed the constraint and realize (matter coupled) action in Sec. 3.2. We will see that our action can be realized in any SUGRA formulations. Then, we derive component expressions especially in the old minimal formulation as an example. We follow the conventions of [60] here and hereafter.
Preliminary
Here, we briefly review conformal SUGRA and show multiplets necessary for our purpose (see Refs. [34, 35, 60] for more details).
Conformal SUGRA is a gauge theory of superconformal group which consists of dilatation, U(1) A symmetry, S-SUSY and conformal boost in addition to symmetries of Poincaré SUGRA (translation, SUSY and Lorentz symmetry). First we construct an action invariant under superconformal symmetry, and break symmetries spontaneously other than Poincaré SUSY by imposing gauge fixing conditions. Some of them are imposed on an unphysical multiplet called a compensator multiplet. This conformal SUGRA technique enables us to circumvent complicated field redefinitions which are present in Poincaré SUGRA methods, thanks to extra symmetries in superconformal group. Furthermore, it gives us a unified description of different SUGRA formulations such as the old and new minimal formulations, which have different sets of auxiliary fields in the gravity multiplet. In terms of conformal SUGRA, these differences come from the choices of compensator superfields, e.g., the chiral compensator S 0 leads to the old minimal formulation, and a real linear compensator L 0 does the new minimal formulation 2 . One more important notion is that the multiplet in conformal SUGRA is characterized by charges under the dilatation and U(1) A symmetry, called Weyl weight w and chiral weight n, respectively. Typical multiplets have specific Weyl and chiral weights. For example, a chiral multiplet X which is defined byDα
satisfies a weight condition, w = n. Here,Dα is a spinor derivative corresponding to the superconformal generalization ofDα [35] . Also, weights of anti-chiral multipletX must satisfy w = −n. On the other hand, a real linear multiplet L which satisfies
has determined weights as (w, n) = (2, 0). Σ andΣ are chiral projection operator which is analogous operation ofD 2 and D 2 in global SUSY [35] . Σ (Σ) can be applied when the operand satisfies the weight condition w − n = 2 (w + n = 2), which is consistent with the weights of L. These multiplets, X and L, can be considered as irreducible representations of general multiplet Φ with weights (w, n), whose components are given by
Here Z and Λ are Dirac spinors, B a is a vector, and the others (C, H, K, D) are complex scalars. Indeed, the chiral multiplet X is embedded into a general multiplet as
where X and F X are complex scalars 3 , and χ is a Majorana spinor. P L is a left-handed projection operator, thus P L χ is Weyl spinor. D a denotes a superconformal covariant derivative. Instead, the real linear multiplet L is embedded as
where C is a real scalar, Z is a Majorana spinor, and B a is a vector constrained by D a B a = 0. Here we used the conventions D = γ a D a and = D a D a . In the same way with Eq. (2.13) in global SUSY, one can define the chiral spinor prepotential Φ α of L. Taking into account the fact that D andD alter weights ( ). This multiplet has the following embedding into the chiral multiplet (3.4) [61] ,
where we inserted a constant spinor Ω, andΩ is defined byΩ = Ω T C 4 with charge conjugation matrix C 4 . The scalar E and two-form B ab are real, and η is a Majorana spinor.
Finally, the chiral field strength multiplet W α which is a counterpart of Eq. (2.2) has following structure,
where D is a real scalar, λ is a Majorana spinor, and F ab is a field strength. W α also has weights (
). As is the global SUSY case, the combination W α − 2igΦ α is gauge invariant under the transformations
where Θ is a real multiplet with weights (0, 0). For our purpose, we enumerate some formulas of conformal SUGRA such as action formulas and multiplication rule, mainly focusing on bosonic parts 4 . For chiral multiplet with weights (w, n) = (3, 3), we have the superconformal F-term formula,
For a real multiplet with (w, n) = (2, 0) whose contents are φ = {C, Z, H, K, B a , Λ, D} with all components real (Majorana), superconformal D-term formula can be applied,
where R denotes Ricci scalar. In our notation, each formula is connected by
We also need multiplication rule. The multiplet whose first component is given by f (C I ), where I classifies different multiplets, has following form 12) where the subscript I means the derivative with respect to C I , and ellipses denote fermionic terms.
Embedding of DBI action into conformal SUGRA
We consider embedding of the global constraint,
into conformal SUGRA. Recall that total Weyl and chiral weights of each term in the constraint must be equal. The third term in Eq. (3.13), which would be replaced by (W −2igΦ) 2 , has weights (3, 3) as shown in the previous subsection. Then, weights of the first term X are determined as (3, 3) . For the second term, however, we cannot replaceD 2 with the chiral projection operator Σ, since nowX has weights (3, −3) which conflicts with the weight condition that the operand of Σ must satisfy : w − n = 2. Then, to apply Σ correctly, we defineX
14)
4 Useful formulas in conformal SUGRA are summarized in Ref. [62] .
where U 0 is a general multiplet with weights (x, x − 2), thus this multiplet has weights (w ′ = 3 − 2x, n ′ = 1 − 2x). Here, x is arbitrary. In this case, Eq. (3.14) satisfies the weight condition w ′ − n ′ = 2, which is consistent with the requirement. Then, we conclude that the second term in Eq. (3.13) should be replaced by XΣ(X/U 2 0 ). The corresponding constraint of (3.13) in conformal SUGRA is then,
, one find that only a possible value of x is x = 2. Some comments are as follows : First, we assumed U 0 is a compensator multiplet, since it disappears in the global limit as Eq. (3.13), and this means U 0 should be regarded as gravitational corrections. Secondly, at this stage, we do not specify the formulation of SUGRA, that is, what the compensator U 0 is. Therefore, various SUGRA embeddings can be achieved under different choices of U 0 , as long as their weights have the form as (2, 0). For example, U 0 = S 0S0 , where S 0 is a chiral compensator with (1, 1), realizes old minimal formulation. On the other hand, U 0 = L 0 is also available as a choice of U 0 , where L 0 is a linear compensator with (2, 0), which describes the new minimal formulation. Further, there exists one more off-shell formulation known as non minimal formulation which corresponds to the choice of a complex linear multiplet Ψ 0 as a compensator. Here, a complex linear multiplet is defined by relaxing the reality condition of L in Eq. (3.2). Ψ 0 has weights (w, w −2), thus it can be used as U 0 , if we also use its conjugateΨ 0 with weights (w, −w +2).
Using Eq. (3.15), the minimal extension of Eq. (2.18) is given by 16) where Λ and M are Lagrange multiplier chiral multiplets with weights (0, 0) and (−3, −3) respectively. S L is responsible for the kinetic terms of graviton, gravitino and linear multiplet L, and takes the following form
where F is a real function with weights (0, 0). The minimal action (3.16) can be extended to matter coupled system as
where f is a holomorphic function of matter chiral multiplets S i with (0, 0), and ω is a general function of linear multiplet ℓ in addition to matter multiplets. Here, f and ω have weights (0, 0) since ℓ, S i , andSj are all (0, 0) multiplets. Note that other insertions of matter function, e.g., to the second term ΛX → g(S i )ΛX do not change the system essentially, since suitable field redefinition leads to Eq. (3.18) again. Finally, S L,M is a generalization of Eq. (3.17) whose form is
In addition to Eq. (3.17), this part also produces kinetic terms for matter multiplets S i and Sj, governed by Kähler potential.
Furthermore, in the old minimal case, the general form of superpotential W (S i ) can be allowed without any restrictions as
Here, W is a holomorphic function of S i with (0, 0). In the other formulations such as the new and non minimal, we can also introduce superpotential but restricted class [63] .
Component expansion
In this subsection, we only give a result for the component expressions of our actions, focusing on bosonic fields. The minimal action (3.16) can be regarded as a special case of a general action (3.18) with f → 1, ω → a, and matter dependences of Eq. (3.19) omitted, thus we start from the derivation for Eq. (3.18).
So far, we have not specified the formulation of SUGRA. Here, we consider the old minimal case, taking U 0 = |S 0 | 2 . Following Ref. [64] , we formally write the functional form of F as
where G is a real function and K = K(S i ,Sj) is a would-be Kähler potential. Now, ℓ should be understood as ℓ = L |S 0 | 2 . For simplicity, we also assume ω is real. Under these assumptions and simplifications, we eliminate auxiliary fields and impose superconformal gauge fixing conditions (see appendix A for detailed procedure). The bosonic component expressions of Eq. (3.18) with the superpotential (3.20) are given by
We have used the same letters for the first components of multiplet f = f R + if I , ω, ℓ and compensator S 0 . Also, subscripts i andj denote derivatives with respect to S i andSj, e.g.,
y is defined by y = e K 3 ℓ, and prime denotes a derivative with respect to y. Further, we use gauge invariant combination F ab ≡ F ab + gB ab andF ab ≡ − i 2 ε abcd F cd . In Eq. (3.22) and (3.23), S 0 should be understood as the function of physical fields such as C and S i . This is because superconformal gauge fixing produces an implicit equation with respect to compensator S 0 , which one cannot solve in general [64] . Note that F has compensator dependence through ℓ = C/|S 0 | 2 . Once the functional form of F (G in this case) is determined, we can fix the value of S 0 .
One can easily obtain the component expressions in the minimal case (3.16), taking W = K = 0, ω = a, f = 1. As an simple example, here we consider the case where F is given by F = ℓ 3/2 [64] . In this case, the explicit value of S 0 is determined from Eq. (A.12) and Eq. (A.13) as,
In this case, the action (3.22) reduces to 
Duality relations
Here, we show some dual descriptions of the action shown in the previous section. So far, we have derived the possible couplings between an abelian gauge field and the two-form B-field. By the duality relations discussed below, we can see the system from some other perspectives, which would be useful to understand the physical consequences and to compare it with superstring effective actions.
Electric-magnetic duality
First, we show that the Eq. (3.18), which is the DBI action of a two-form F ab = F ab + B ab , is equivalent to the DBI action of an abelian gauge field with a Chern-Simons coupling B ∧ F . This can be regarded as the electric-magnetic duality. We relax the Maxwell constraint D α W α −DαWα = 0 on W α in Eq. (3.18). We impose it by adding the following term,
ΣD αV andV is a real superfield. This superfieldŴ is a magnetic-dual field strength superfield of W because the E.O.M of W giveŝ
Now, W in Eq. (4.1) should be understood as the unconstrained chiral superfield (with a spinor index). Let us see how the original system is reproduced : The variation with respect toV gives 
Substituting it into Eq. (4.1) and redefining ΛX → X, we obtain the dual action
where we have used the following identity [62] ,
Note thatΦŴ in Eq. (4.5) is invariant under the gauge transformation (3.8) up to the Maxwell constraint forŴ. The Lagrange multiplier term 1/Λ in Eq. (4.5) gives rise to an algebraic equation, whose solution is X = X(Ŵ, ω, U 0 ). Then, the action becomes
Note that the term proportional to M in Eq. (4.5) automatically vanishes for the solution X = X(Ŵ, ω, U 0 ). The first term corresponds to the DBI type action of an abelian gauge superfieldŴ, which has not F ab = F ab + B ab butF ab . HereF ab is a field strength which belongs toŴ. The second term gives the Chern-Simons term B ∧F . This is one of the different pictures of the original action (3.18).
Linear-chiral dual
There is another dual picture of the system. We start with Eq. (4.5) and use the linear-chiral duality [59] : The relevant part of Eq. (4.5) is
For the second term, we perform the following partial integration in the same way as Eq. (4.3),
where L = D α Φ α +DαΦα and L is a real linear superfield which satisfies Σ(L) =Σ(L) = 0. Then one finds that with a real superfield U and a chiral superfield ϕ whose weights are (2, 0) and (0, 0) respectively, Eq. (4.8) is equivalent to
The variation with respect to ϕ (φ) imposes the linearity condition on U, i.e., ΣU = ΣU = 0, (4.13) which leads to U = L and we obtain Eq. (4.8). On the other hand, the E.O.M of U gives
where prime denotes the derivative with respect to ℓ U . In principle, we can solve this equation as 15) where
This is a general expression because of the nilpotency of X. By taking X = 0 for both sides of Eq. (4.14),
We can also regard ℓ 1 as a solution of this equation. By substituting the solution ℓ U = ℓ 1 + ℓ 2 |x| 2 into the action, we obtain
Here H is a real function with weights (0, 0), and the relation with F is given by
where we have used Eq. (4.18) in the third equality. Therefore, we finally obtain the action
where H ≡ H| X=0 . This is nothing but the massive DBI action derived in Refs. [15, 29, 30] . The component expressions of dual actions (4.5) and (4.21) are shown in appendix B.
Discussions and summary
In this paper, we have discussed the SUGRA generalization of SUSY DBI action coupled to a two-form field. Based on conformal SUGRA technique, we have considered possible matter coupled extension and shown that it can be realized in any off-shell formulations with different auxiliary fields. This fact is contrast to our previous work [65] , where we found the DBI action of a complex scalar field cannot be realized in old minimal formulation as a naive SUGRA embedding of SUSY models in Ref. [20] . 6 In addition to this, there exists another model, which is realized only in new minimal formulation [39] . It would be interesting to explore the (physical) reasons behind that if any, in the study of SUSY higher-order derivative models. Also in such models, it might be important to clarify what formulations of SUGRA are allowed, as we have done in this work, since it is expected that duality transformation between different formulations [63] does not work in the existence of higher-order derivative couplings.
We have also discussed the duality relations of DBI actions in terms of superfields. We have shown that DBI action of generalized gauge invariant two-form F ab = F ab + B ab is equivalent to the DBI action of F ab with a SUGRA extension of B ∧ F , or to the massive DBI action discussed in Refs. [15, 29, 30] . It is remarkable that we find these duality relations, which are expected from the SUSY case [22, 29, 30] , hold independently of the choice of the compensator superfields.
As we have discussed in Sec. 1, although the D-brane action coupled to SUGRA has been shown and our result would also contribute to such an attempt, the SUGRA completion of the Dp-brane requires further investigation. Recently, it has been shown that the anti-D3-brane under a specific condition would be described as the Volkov-Akulov(VA) nilpotent superfield [66, 67, 68] . In Refs. [69, 70] , the relation between the DBI-VA action [7] and constrained superfields has been also investigated, which would clarify the SUGRA realization of D-brane actions.
Another important thing is the cosmological applications of DBI(-VA) action. One of the directions is the massive vector inflation, where the Stuckelberg superfield plays the role of the inflaton [71] . As realized in Ref. [15] , the inclusion of DBI corrections to the potential can make the inflaton potential flatter than that without higher order corrections. The model in this paper is dual to the massive DBI model and must be applicable to such model construction. The other direction is the use of DBI action as the stabilizer/Goldstino superfield, which is described by constrained superfields [72, 73, 74] . In Ref. [66] , the D3-brane action with orientifold conditions gives the VA action. It would be rather important to clarify the relation between the nilpotent superfield and our DBI action in terms of superfields. We expect that such a relation would be found since the VA action has SUSY nonlinearly. In our construction of the DBI action shown in Sec. 3, we have shown that the DBI constraint has the hidden nilpotency X 2 = 0, which would be a key to understand the relation. We will investigate these aspects of DBI action in SUGRA elsewhere. 
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A Integration of auxiliary fields and superconformal gague fixing
Here, we show some details for deriving the component action (3.22) from (3.18) in old minimal case with
For notational simplicity, we divide our action (3.18) into two parts
where S L,M denotes Eq. (3.19) with a possible superpotential (3.20) of matter multiplets S i , i.e.,
Then, we first discuss the DBI part L DBI,M , and derive the on-shell action. Note that procedures obtaining on-shell actions, that is, eliminating auxiliary fields, can be done separately as long as matter chiral multiplets S i are gauge singlets, which we assume here for simplicity. Even if there exist charged matters, the procedure is almost the same (see ,e.g., Refs. [14, 15] ).
Applying the superconformal action formulas (3.9), (3.10) and multiplication rule (3.12) to S DBI,M , we obtain the bosonic components,
In this action, we need to eliminate auxiliary fields, F X , Λ and D. One can integrate out F X and obtain the following Lagrangian, with Λ = Λ R + iΛ I ,
Next, we algebraically solve the E.O.Ms for Λ R and Λ I , which yield
, (A.6)
Substituting them into Eq. (A.5), we obtain
Finally, we eliminate D whose E.O.M is given by
Then, the on-shell superconformal action is
(A.10)
Let us move to the part L L,M . This part was studied well in Ref. [64] , so we only comment on superconformal gauge fixing and give the final on-shell Lagrangian here. From D-term formula (3.10), the coefficient of Ricci scalar is found to be
where F C = ∂F /∂C. The second term including F C comes from the fact that C in Eq. (3.5) contains the Ricci scalar. Then, we impose superconformal gauge fixing conditions as
(A.14)
Here, b µ is the gauge field of dilatation symmetry. The first condition eliminates dilatation symmetry and ensures the action in the Einstein frame. The second and third conditions correspond to fixings of U (1) 
where the F-term scalar potential V F is given by Eq. 
B Component expressions of dual actions
For completeness, we show components of dual actions (4.5) and (4.21). We also follow the choice (A.1) here. We start from Eq. We have also assumed that ω is real here. Then, the total on-shell Lagrangian of Eq. Finally, we discuss the action (4.21). In this case, there is no linear multiplet since it has been already converted to a chiral multiplet ϕ, thus we can perform the well-known superconformal gauge fixings, in contrast to the above discussions. As we mentioned before, this action describes massive vector field with DBI corrections after imposing gauge fixing condition ϕ = 0. The massive vector multipletV has following bosonic components, V = {Ĉ, ...,Ĥ,K,B a , ...,D}, (B .4) where all of them are real and ellipses denote fermion parts. The physical bosonic fields arê C andB a , and others are auxiliary fields. It is not difficult to eliminate all of the auxiliary fields including F X , Λ, F 0 , F i , A µ 7 . Then, we fix the dilatation symmetry by
One can see that this condition can be solved with respect to S 0 . The conditions for U(1) A symmetry and conformal boost are the same as Eqs. (A.13) and (A.14). After that, we obtain the on-shell Lagrangian, JF ab (B.6) 7 The matter coupled Lagrangian without DBI corrections can be found in Ref. [75] .
where we introduced a real function J by
The subscripts of J denote derivatives with respect toĈ, S i ,Sj, in the same way as K in Eq. (3.22) . The F-term scalar potential V F is given by This action reduces to the matter coupled massive vector action obtained in Ref. [75] in the limit ω → 0 and f → 1, where DBI corrections disappear.
